Abstract. We give a review of Chen-Ruan orbifold cohomology (and its cousin stringy cohomology) but starting with a reformulation, due to JarvisKaufmann-Kimura, which simplifies the original definitions and proofs by removing any reference to complex curves. We explain the relationship between the two approaches and describe their connection to other areas.
Introduction
The main goal of this article is to give a bite-sized overview of Chen-Ruan orbifold cohomology (and its cousin stringy cohomology) starting with the reformulation of Chen-Ruan orbifold cohomology due to Jarvis-Kaufmann-Kimura [JKK2] which simplifies the original definition of Chen-Ruan orbifold cohomology [CR1] as well as the proofs of its basic properties, such as the associativity of the multiplication, by removing any reference to complex curves and their moduli.
The Chen-Ruan orbifold cohomology ring H orb (X ) of an almost complex orbifold X is a Q-vector space containing the ordinary cohomology ring H
• (X ) of X as a subring but it is larger, in general, being isomorphic as a Q-vector space (but not as a ring) to the cohomology of its so-called inertia orbifold IX . The definition of the multiplication on H orb (X ) is nontrivial and is the main point of [CR1] . However, when X happens to be an almost complex manifold then IX = X and H orb (X ) is isomorphic to H
• (X ), the ordinary cohomology ring of X . Therefore, orbifold cohomology is only interesting for nontrivial orbifolds.
The orbifold cohomology ring is of interest to symplectic geometers as it is an invariant of a symplectic orbifold. The orbifold cohomology ring H orb (X ) of a symplectic orbifold X can be defined to be the orbifold cohomology ring of X with respect to a compatible almost complex structure.
Another reason that orbifold cohomology is interesting is because of the following conjecture due to Ruan [Rua] arising from topological string theory on orbifolds.
Conjecture 1.1 (Cohomological Hyper-Kähler Resolution Conjecture). Suppose thatX → X is a hyper-Kähler resolution of the underlying space X of an orbifold X . The ordinary cohomology ring H
• (X) ⊗ C ofX is isomorphic to the orbifold cohomology ring H orb (X ) ⊗ C of X .
While the conjecture is still open, it has been verified in various cases, c.f. [FG, BMP, CCIT, CoR, Pe, W] and the references within.
Let us briefly sketch Chen-Ruan's definition of orbifold cohomology and its relation to Gromov-Witten theory. We will only give a rough outline since the main point of this article is that there is an alternate approach. Let X be a compact, Date: November 13, 2007. This research was partially supported by NSF grant number DMS-06905172.
symplectic orbifold then Chen-Ruan defined the moduli space of (stable) maps from complex orbicurves (complex curves with possibly nontrivial orbifold structures at its nodes and marked points) into X . Integration of certain tautological cohomology classes over these moduli spaces yields multilinear operations, known as the Gromov-Witten invariants of the orbifold X , on the vector space H orb (X ) [CR1, CR2]. The Gromov-Witten invariants are symplectic invariants of X . The multiplication on orbifold cohomology H orb (X ) is defined using only the GromovWitten invariants obtained by integration over M 0,3 (X , 0), the moduli space of constant stable maps from genus zero orbicurves with three marked points into X . This multiplication turns out to be nontrivial and interesting because, in general, it involves integration over a nontrivial homology class called the virtual fundamental class of M 0,3 (X , 0). This class is Poincaré dual to the Euler class of a complex vector bundle, called the obstruction bundle, over M 0,3 (X , 0) whose fibers are constructed from a branched cover of a Riemann sphere. Hence, intrinsic to ChenRuan's definition of orbifold cohomology are complex curves. Furthermore, the proof of the associativity of the multiplication in orbifold cohomology follows from the proof of associativity in quantum cohomology which boils down to an argument on M 0,4 , the moduli space of genus zero complex curves with 4 marked points.
On the other hand, when X = X is a manifold then Chen-Ruan's definition of the multiplication reduces to the ordinary cup product on H
• (X). However, the cup product can be (and usually is!) defined and its associativity proven, in a much simpler fashion, without any mention of complex curves or Gromov-Witten theory. This prompts the following question: Does there exist an alternate definition of the multiplication in orbifold cohomology which yields a simpler proof of associativity without any mention of complex curves or Gromov-Witten theory? The answer to this question is affirmative [JKK2] . We will see that the multiplication can be expressed simply and explicitly in terms of Chern classes of eigenbundles of certain normal bundles with respect to elements in the local isotropy groups of X . The key point is that the Euler class of a vector bundle only depends upon the class in K-theory of that vector bundle. Furthermore, the K-theory class of the obstruction bundle, called the obstruction class, admits a simple description that does not use any complex curves. This description yields an alternate definition of the multiplication in orbifold cohomology. The proof of associativity in this reformulation then boils down to standard excess intersection theory on X .
Another way to think about orbifold cohomology arises when the orbifold X = [X/G], i.e. X is obtained as the quotient of an almost complex manifold X by the action of a finite group G which preserves the almost complex structure on X. In this case, the orbifold cohomology ring H orb (X ) can be obtained by taking G-invariants of a G-equivariant, noncommutative ring H(X, G) called the stringy cohomology of the G-manifold X, using the terminology of [JKK1]. This ring was introduced by Fantechi-Göttsche [FG] who established its basic algebraic properties save for the so-called trace axiom which was proven in [JKK1]. Fantechi-Göttsche's construction of stringy cohomology can be viewed as a "lift" to X of the construction of ChenRuan orbifold cohomology of X = [X/G]. Their definition of the multiplication involves a Riemann surface with an action of G which covers the Riemann sphere ramified, at most, at three marked points. As in the case of orbifold cohomology, the definition of the stringy cohomology ring of X was reformulated in [JKK2] so as to remove any reference to Riemann surfaces.
In practice, stringy cohomology can be useful in calculating orbifold cohomology. Fantechi-Göttsche [FG] use it to analyze the orbifold cohomology of the symmetric product of a manifold. This analysis has been generalized, in some cases, to the symmetric product of orbifolds by Matsumura [Ma] .
While not all orbifolds can be obtained as a global quotient of an almost complex manifold by a finite group, they are all locally of this form. For this reason, it is illuminating to study the stringy and orbifold cohomology of such global quotients. We will emphasize this case in this article, which is simpler to describe, referring the reader to [JKK2] for details about general case.
We finish this section by indicating some related directions for the interested reader which are beyond the scope of this paper.
First of all, stringy cohomology is also important because it illustrates the connection with topological quantum field theory. Suppose that X is a compact, almost complex manifold with the action of a finite group G then H(X, G) forms a G-(equivariant)-Frobenius algebra, an algebraic structure due to Turaev [Tur] (see Theorem 2.6). Turaev (see also [Mo, MoS, Kau02] ) proved that a G-Frobenius algebra can be interpreted as a G-equivariant (1 + 1)-dimensional topological quantum field theory. When G is the trivial group, this reduces to the statement due to Atiyah [At] that a(n ordinary, nonequivariant) Frobenius algebra can be interpreted as a (1+1)-dimensional topological quantum field theory. G-Frobenius algebras also play an important role in "orbifolding" constructions in topological string theory (see [Mo, MoS] ).
Secondly, there exists [JKK2] a K-theoretic version of orbifold cohomology called orbifold K-theory. There also is an orbifold Chern character homomorphism taking the orbifold K-theory ring to the orbifold cohomology ring. One interesting result is that the orbifold Chern character homomorphism is a deformation of the ordinary Chern character involving the Todd class of "half" of the normal bundle S (see Section 3) which is needed so that the orbifold Chern character preserves the orbifold multiplications. There exist similar results for stringy K-theory and cohomology, as well.
Thirdly, the entire discussion above has an algebro-geometric counterpart. The orbifold Chow ring of a smooth, Deligne-Mumford stack was introduced by AbramovichGraber-Vistoli [AGV] , following the ideas of Chen-Ruan, and is a special case of the Gromov-Witten theory for Deligne-Mumford stacks [AGV2]. The Chow version of stringy cohomology can also be constructed for a smooth, projective variety with the action of a finite group. The reformulation in [JKK2] was also carried out for the orbifold and stringy Chow rings, as well as for their K-theoretic counterparts.
Fourthly, interesting symplectic orbifolds arise from symplectic reduction by a torus action. In nice cases, the cohomology of the quotient can often be described explicitly and combinatorially. Such ideas were used in [GHK] to analyze the orbifold cohomology of a symplectic quotient. An analogous analysis was performed in the hyper-Kähler case in [GH] . Similarly, in algebraic geometry, a combinatorial description of the orbifold Chow ring of toric Deligne-Mumford stacks was obtained in [BCS] and hyperToric Deligne-Mumford stacks were studied in [JT] .
Finally, the hyperKähler resolution conjecture is a special case of a more general conjecture, which goes back to Ruan, which was formulated Bryan-Graber [BG] (see also [CoR] ), called the Crepant Resolution Conjecture, which relates the GromovWitten theory of an orbifold to the Gromov-Witten theory of a crepant resolution. This conjecture has been verified in various cases.
Remark/Notation 1.2. Unless otherwise stated, the ground ring will be assumed to be Q, all vector spaces are finite dimensional, and all groups are finite. If G is a group then G denotes the set of conjugacy classes of G and m denotes the conjugacy class containing m in G. < m > denotes the cyclic subgroup generated by m.
We will also ignore the signs associated to odd dimensional cohomology classes.
Stringy cohomology
We define the stringy cohomology of an almost complex manifold with the action of a finite group, an algebraic invariant whose invariants yield the orbifold cohomology of the quotient.
2.1. The inertia manifold and the additive structure of stringy cohomology. Let X be an almost complex manifold with the action of a finite group G denoted by X ρ(γ) -X for all γ in G which preserves the almost complex structure. The product G × X inherits an action of G where
where X m is IX ∩ ({m} × X) for all m in G. We will often identify X m with the submanifold of fixed points of m in X. The inertia manifold IX inherits a G action from the action on G × X taking
for all m and γ in G since if x belongs to X m then
We abuse notation and also denote the action of an element γ in G on IX by ρ(γ). The inertia manifold IX has a canonical G-equivariant involution σ :
IX always contains X as a G-equivariant submanifold since X = X 1 . Indeed, IX = X if and only if the action of G on X is free.
The group G plays two distinct roles in the above construction. The first is that the canonical projection IX -G endows the inertia manifold IX with a "grading" by G. The second is that this projection map is G-equivariant by Equation (1). Equivalently, the restriction of IX -G to any conjugacy class m of G forms a G-equivariant fiber bundle whose fiber is isomorphic to X m .
The stringy cohomology H(X, G) of the G-manifold X is, as a G-module but not as a ring, equal to H • (IX), i.e.
(2)
where
which vanishes on G-homogenous elements v 1 and v 2 unless they have G-gradings which are inverses of each other.
2.2. "Half " of the normal bundle of the inertia manifold. The key to our approach to defining the multiplication in stringy cohomology, is the distinguished element S in the rational K-theory of IX which is "half" of the normal bundle of IX in G × X. Indeed, S is the K-theoretic origin of the age. Consider the G-equivariant complex vector bundle N -IX whose restriction to Since the tangent bundle of X m is equal to the < m >-invariants of the restriction of TX to X m , we will always have N m,0 = 0.
Definition 2.1. Let K(IX) denote the (rational) K-theory of complex vector bundles over IX.
for all m in G where r is the order of m. The age of m is defined by a(m) := rk(S m ), the rank of S m . It is a Q-valued locally constant function on X m , i.e., where |v m | is the ordinary dimension of the cohomology ring. Remark 2.2. S could alternately have been defined by replacing the normal bundle N m in Equation (6) by the tangent bundle TX| X m since the < m >-invariant part of TX| X m would have coefficient k r = 0 in the sum. We favor the normal bundle here since the condition that X be an almost complex manifold with G-action could be weakened to X being a stably almost complex manifold with G-action in the definition of S since a stably almost complex structure on X insures the N is a complex vector bundle. Indeed, it turns out that all of the results in this paper continue to hold when almost complex structures are replaced everywhere by stably almost complex structures. This was observed for Abelian group actions in [GHK].
2.3. The double inertia manifold and the obstruction class. We now introduce the double inertia manifold and its obstruction class. Consider the G-set
where G acts on
where we have used the shorthand m := (m 1 , m 2 , m 3 ) and
We will often identify X m with the submanifold of points in X simultaneously fixed by m i for i = 1, 2, 3. Since m 3 = (m 1 m 2 ) −1 , X m is equal to the submanifold of points in X simultaneously fixed by m 1 and m 2 but it will be convenient to use this more symmetric form.
For all i = 1, 2, 3, the G-equivariant evaluation maps I IX
. The twisted evaluation maps are given byě i := σ • e i .
Let N -I IX denote the G-equivariant complex vector bundle whose restriction N m to X m is the normal bundle of the inclusion X m ⊂ -X.
Definition 2.3. The obstruction class R in K(I IX) is defined by
In particular, for all m in G [3] , in K(X m ), we have
It follows immediately that
where the right hand side is a locally constant function on X m . It is a straightforward exercise to show that m 1 m 2 m 3 = 1 implies that rk(R(m)) is an integer.
The only property of the obstruction class R that is needed to define the multiplication and prove, for example, its associativity is the following theorem.
Theorem 2.4 ([JKK2]
). Let X be an almost complex manifold with the action of a finite group G. There exists a complex vector bundle R -I IX which represents the obstruction class R in K(I IX).
The bundle R appearing in the Theorem is, of course, the obstruction bundle mentioned in the introduction. The key tool used in this proof is the Eichler Trace Theorem (see [FK] ), a special case of the holomorphic Lefschetz Theorem.
2.4. The case of the Abelian group. When G is an Abelian group, Equation (9) for k i = 0, . . . , r i − 1, and r i is the order of m i for i = 1, 2, 3. Decomposing N m i | X m similarly and plugging into Equation (10) yields, after some algebra,
where the sum is over all tuples k = (k 1 , k 2 , k 3 ) where k i = 0, . . . , r i − 1 and
Therefore, when G is an Abelian group, R is manifestly a complex vector bundle, being the direct sum of complex vector bundles. The right hand side of Equation (12) agrees with a formula for the obstruction bundle in the Abelian case due to Chen-Hu [CH] which was also used in [GHK] .
2.5. The multiplication in stringy cohomology and G-Frobenius algebras.
We are now ready to define the multiplication in stringy cohomology H(X, G).
Definition 2.5. Let X be an almost complex manifold with the action of a finite group G. The multiplication on stringy cohomology
Theorem 2.4 insures, in particular, that the Euler class, as the top Chern class, makes sense. The resulting algebraic structure is called a G-Frobenius algebra.
Theorem 2.6. Let X be a compact, almost complex manifold with the action of a finite group G. Let H(X, G) denote its stringy cohomology ring, with the G-action ρ, endowed with the stringy grading from Equation (8). Let 1 in H 1 (X) = H
• (X) denote usual unit element.
(1) The tuple ((H(X, G), ρ), ·, 1, η) is a G-Frobenius algebra which means the following: H(X, G) is a self-invariant G-graded G-module. The G-equivariant, associative multiplication · preserves the G-grading, has a G-invariant unit element 1, and is braided commutative, i.e. for all v m i in H m i (X),
The metric η is G-invariant, vanishes on G-homogenous elements unless they have inverse G-grading, and is multiplicatively invariant, i.e.
for all v 1 , v 2 , v 3 in H(X, G). Finally, the Trace Axiom is satisfied, i.e.
(2) The multiplication respects the stringy grading, i.e., for all homogeneous
The pairing has a definite stringy grading, i.e., for all homogeneous elements v 1 , v 2 in H(X), we have η(v 1 , v 2 ) = 0 unless |v 1 | str + |v 2 | str = dim R X. If X is not compact then H(X, G) need only satisfy those properties of a G-Frobenius algebra which to not involve η or the Trace Axiom.
The nontrivial parts of this Theorem are the proofs associativity of the multiplication and the trace axiom. Both follow from a straightforward application of excess intersection theory on X, the formula for the obstruction class Equation (10), and the fact that R can be represented by a complex vector bundle (Theorem 2.4). No complex curves appear in the proof of these properties [JKK2] .
When G is the trivial group, a G-Frobenius algebra is a Frobenius algebra, i.e., a commutative, associative, unital algebra with an invariant metric. The GFrobenius algebra H(X, G) yields two Frobenius algebras. H 1 (X, G) = H
• (X) is a Frobenius algebra with the ordinary cup product and Poincaré pairing, since the obstruction bundle vanishes on X
(1,1,1) , and is called the untwisted sector while a summand H m (X, G) for m = 1 is called an untwisted sector. The second Frobenius algebra consists of the space H(X, G) of G-invariants of H(X, G), with its induced multiplication and with the pairing η equal to the restriction to H(X, G) of 1 |G| η. H(X, G) will turn out to be isomorphic to the orbifold cohomology ring of the orbifold
, the ordinary cohomology ring of the orbifold [X/G].
Orbifold cohomology
Let X be an almost complex orbifold. That is, locally, X is presented as an open set U in R n possessing an almost complex structure with the action of a finite group Γ U preserving the almost complex structure. The inertia orbifold IX of X is an orbifold which locally has a presentation as the inertia manifold IU with the induced action of Γ U and similarly for the double inertia orbifold I IX . In the case of a global quotient by a finite group X = [X/G] then IX = [(IX)/G] and I IX = [(I IX)/G]. As a vector space, the orbifold cohomology of X , H orb (X ), is equal to H
• (IX ). There are induced evaluation maps e i : I IX -IX anď e i := σ • e i for i = 1, 2, 3. The metricη is defined by Equation (3) but with IX replaced by IX . Denote the normal bundle to
by using an eigenbundle decomposition of the normal bundle N to IX ⊂ -X via essentially the same formula, Equation (6), observing that the spectrum of a linear operator and its conjugate are equal. Finally, the obstruction class R in K(I IX ) is defined by the same formula, Equation (9). Theorem (2.4) holds for orbifolds for the same reason, that the obstruction bundle of Chen-Ruan on I IX represents R. The multiplication is then defined using Equation (13) and the age and the stringy grading in H orb (X ) is defined via Equation (8).
Theorem 3.1. Let X be a compact, almost complex orbifold.
(1) The orbifold cohomology of X , (H orb (X ), ·, 1,η), is a Frobenius algebra with a multiplication and pairing that respects the stringy grading. (2) When X = [X/G] for X an almost complex manifold with the action of a finite group G then (H(X, G), ·, 1, η), the G-invariants of the stringy cohomology ring
If X is not compact then orbifold cohomology is a commutative, associative, unital algebra.
The proof of this Theorem using only the definition of the multiplication through the obstruction class in Equation (10) is due to [JKK2] and is virtually identical to the proof of Theorem (2.6). The proof of first part of the Theorem using the original definition of the multiplication is due to CR2] . The proof of the second part of the Theorem using the original definition of the multiplication is essentially due to Fantechi-Göttsche [FG] .
3.1. Two extreme examples. It is useful to think about two extreme examples. The first is when G acts freely on X and the second is when G acts trivially on X. Other more involved examples are calculated elsewhere in this volume.
If G acts freely on X then H(X, G) = H 1 (X, G) = H • (X) with the usual multiplication (cup product) and metric (Poincaré pairing) together with the induced G action. Therefore, H(X, G) can be identified, as a Frobenius algebra, with H
• ([X/G]), the ordinary cohomology of the manifold [X/G].
A more interesting case is when G acts trivially on X then IX = G × X. Here, H(X, G) = Q[G] ⊗ Q H
• (X) where G acts upon Q[G] by conjugation and trivially on H
• (X) and where the multiplication is the tensor product of the multiplications on the group ring Q[G] and the ordinary cohomology ring H
• (X) since the normal bundles N and N are both zero in this case. Therefore, the ring of G-invariants
) is the center of the group ring Q[G]. The second part of the previous Theorem can fail when G is not finite. Consider X = G = C × , the nonzero complex numbers. Let s be a positive integer. Consider the action of G on X via ρ(γ)x = γ s x. The only elements in G which have nontrivial fixed points are those in µ s , the group of s roots of unity, and each of these elements fixes all of X. The inertia manifold IX = µ s ×X. Therefore, H(X, G) = Q[µ s ]⊗H
• (X) where Q[µ s ] is the group ring of µ s . Since G is connected, it acts trivially on H
• (X). G also acts trivially on µ s since G is Abelian. The multiplication on H(X, G) is the tensor product of the usual multiplications on the algebras Q[µ s ] and H
• (X). Therefore, the G-invariants of the stringy cohomology H(X, G) is H(X, G) = 
